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Abstract 
The datum reference frame (DRF) is an orthogonal coordinate system used to locate the geometric features in tolerance technology and is a 
fundamental tool for tolerance analysis, tolerance validation and tolerance inspection. Additionally, establishment of the composition principle 
for DRF is an essential process for automation of tolerance technology. This paper presents the concept of a construction element of the DRF 
and the composition principle of DRF using the construction element. In this approach, the DRF is decomposed into three construction 
elements, i.e., a point, a line passing through the point, and a plane containing the line, and DRF is established by determining these three 
construction elements. The rules and algorithms used to determine the construction elements are established and the construction elements can 
be automatically established from the datum feature according to the rules and algorithm. The composition rules of the DRF are defined with 
the construction elements, and the DRF can be constructed automatically. The notion of and the establishment method for the construction 
elements can be used to validate the datum validity and the completeness of the datum system. 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the organizing committee of the 14th CIRP Conference on Computer Aided Tolerancing. 
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1. Introduction 
The datum reference frame (DRF) for geometric tolerance 
is an orthogonal coordinate system used to determine the 
nominal position of a toleranced geometric feature. Variations 
and error accumulation are inevitable in product assembly, 
and tolerance analysis is a primary tool for assessing whether 
the resultant tolerances meet the functional requirements. In 
tolerance analysis, the tolerance zone of the geometric feature 
is defined based on the DRF, and the resulting error is 
assessed by calculating and comparing the variation space of 
the geometric feature with its tolerance zone. Therefore, the 
DRF is a fundamental tool for tolerance analysis, and 
automatic establishment of the DRF is highly important in 
tolerance analysis software. 
Establishment of the DRF is also critical to the process of 
inspection of a workpiece. To verify the location tolerances of 
a part, it is necessary to first establish the DRF. In inspection 
of a workpiece using a traditional measuring instrument, the 
DRF is embodied by physical location elements such as the 
machine table and the mandrel, and the DRF is constructed 
using the contour geometry or the central geometry of the 
locating elements. Because the measuring process requires 
various elements to locate different surfaces of the workpiece 
with the traditional measuring instrument, this process is 
clearly costly, inflexible and poorly suited for automatic 
inspection of a large quantity of parts. Advances in computer 
numerical control technology have made coordinate 
measuring machines (CMMs) a widely accepted tool in 
tolerance inspection. A CMM obtains the discrete coordinate 
data of the actual surface of both the datum and target feature 
and applies numerical analysis algorithms to produce the DRF, 
locate the tolerance zone, and subsequently obtain the 
measurement result by comparing the actual position of the 
toleranced feature with the tolerance zone. The shortcomings 
associated with the traditional measurement method are 
overcome in this manner, and the new method is applicable 
for automated inspection of a large quantity of parts.  
ASME Y14.5M [1] defines the set of allowable datum 
features, including planar, width, cylindrical, spherical and 
other features. The ANSI Y14.5.1M [2] standard enumerates 
52 cases of valid DRFs composed of various combinations of 
points, lines, and planes. The construction rules for DRFs are 
defined by the standard on a case-by-case basis, and it is 
cumbersome to maintain all conditions for validity of DRFs. 
Gou et al. [3] proposed a geometric approach for formulation 
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and establishment of DRFs based on the Lie algebra and 
homogeneous space transformation. The configuration space 
of a datum feature can be identified with the homogeneous 
space, and the problem of datum development can be 
formulated as a minimization problem in the homogeneous 
space. In method proposed by Gou, the datum feature is the 
elementary geometry (such as a plane, a cylinder or a sphere), 
and the complex geometries (such as the pattern and 
combination of the basic geometries) are not considered.  
In their functional tolerancing method, Mejbr et al. [4] 
proposed general rules for validating a datum reference 
system based on the topology of parts. Wu et al. [5] presented 
several assessment rules to validate the datum for tolerance 
validation in the development of a computer model for GD&T. 
Wang and Roy [6] proposed a functional tolerance 
specification method to create guidelines for construction of 
the component’s datum reference frame in their graph 
grammar based on the mechanical product family modeling 
method. Ramaswamy et al. [7] proposed validation rules for 
the datum feature frames based on the viewpoint of automatic 
validation of the dimensioning and tolerancing schemes. Shen 
et al. [8] presented vector algebra to validate the cases in the 
Y14.5.1 tabulation based on algebraic calculation of the DOF 
in each DRF cluster, and the general rules related to the 
constraints of target entities by diverse DRF clusters were 
discussed.  
The concept of minimum geometrical datum elements 
(MGDE) [9] is used to define the geometry feature and the 
specific combination of these features in the tolerance 
representation. Seven classes of surfaces and TTRS are used 
to construct the DRF. The control frame proposed by 
Kandikjan et al. [10] has a meaning similar to that of MGDE, 
with six types of primitive control frames used to establish the 
DRF. Other researchers developed similar models that are 
used to validate the correction of datum feature combinations, 
but the position calculation of the DRF from the actual datum 
feature has not been considered.  
Although much of the previous research effort has been 
devoted to establishment of the DRF, all of the existing 
approaches used a distinct formulation for the basic geometry 
and the specific combination of datum features and developed 
evaluation and establishment algorithms accordingly, but the 
need still exists for a systematic and implementable method 
for automatic establishment of the DRF from actual datum 
features. 
This paper proposes a systematic method for establishing 
the DRF. The DRF is decomposed into three basic geometry 
elements, i.e., an origin, a coordinate axis and a coordinate 
plane that contains the axis, and these three elements are 
referred to as the construction elements of the DRF. The 
contour or central geometry of the datum features consists of 
a point, line and plane, and therefore, a mapping relationship 
must exist between the construction element and the datum 
feature. Using this mapping, the establishment of the DRF is 
recast as the process used to find the construction elements 
from the datum features.  
The remainder of the paper is organized as follows. The 
detailed composition principle for the datum features is 
illustrated in Section 2. Section 3 introduces the definition of 
the construction elements, and Section 4 discusses the 
recursive algorithm for determining the construction elements 
and the validation rules of the datum feature. Section 5 
presents the automatic composition algorithm for the DRF 
based on the previously presented definitions, and finally, the 
conclusions are summarized in Section 6. 
2. Composition principle for the datum geometry 
The DRF is constructed using datum geometries, which are 
theoretical geometries consisting of basic geometric elements 
such as a point, line and plane. These theoretical geometries 
might be derived from a single datum feature or are composed 
of two and three datum features. The derived geometries can 
originate from the contour features or the central features of 
the datum features. Therefore, it is necessary to discuss the 
formation of theoretical geometries. 
2.1. Datum geometry derived from a single datum feature 
A single datum feature refers to one datum reference in the 
tolerance control frame and has a variety of forms, such as 
single-surface features, multi-surface features or pattern 
features. A single datum feature can be used derive one or 
more datum geometries, as listed in Table 1. 
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According to Table 1, a mapping relation exists between 
the datum feature and their derived geometries. Using the 
mapping relation, the datum geometry can be obtained 
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automatically from the datum feature. Thus, based on the 
solid model of the part and 3D tolerance annotation, the 
datum and its geometric information can be obtained from a 
single datum feature.  
The derived geometry is the fundamental geometry and is 
not a combination of fundamental geometries as in MGDE, 
and therefore, it is easier to summarize the rules used to 
establish the DRF automatically. Furthermore, the derived 
geometry can be derived from complex datum geometry, such 
as helix surfaces, surfaces of revolution and irregular patterns, 
and therefore, Table 1 is expandable. 
2.2. Datum geometry composed by multiple datum features 
The second method used to obtain the datum geometry is 
datum composition. Datum composition means that two or 
three datum features can be combined to generate a new 
geometry that is different from the member datum features [11]. 
For example, the combination of two point datums is 
equivalent to a line datum, and the combination of two 
parallel line datums is equivalent to a plane datum. It is noted 
that the composed datum geometry has some new 
constraining DOF capabilities in addition to that of the 
member datum geometries. For example, suppose two parallel 
cylinders are simultaneously designated as the datum features 
for a target feature. Although they constrain the same DOFs 
of the target feature when they are used alone, no datum 
cylinders are redundant in this situation, because together they 
construct a new plane datum. Therefore, the combination of 
two cylinder datums has the constraining DOF capability of a 
plane datum, and thus, the constrained DOFs of the target 
feature are increased. In this datum system, the second 
cylinder is duplicative, but it is not a redundant datum feature. 
Because the maximum number of datums for a tolerance 
specification is three, two cases exist for the datum 
combination, i.e., the combination of two and three datum 
geometries. 
Note that valid composed datum geometry must satisfy the 
following composition principles: it must generate a new 
geometry and increase the capability of the constraining 
DOFs. Therefore, in six combinations of two basic geometric 
elements (point-point, point-line, point-plane, line-line, line-
plane and plane-plane), only combinations composed by 
point-point, point-line and line-line satisfy the conditions 
listed above. These three combinations generate a line, a plane 
and a plane, respectively, such as the hidden lines shown in 
Fig. 1a to 1c.  
 
a) P-P b) P-L c) L-L d) P-P-P e) P-P-L 
Fig. 1 the datum combinations  
For combinations of three basic geometries, only two are 
valid: one is the combination of three point datums (which is 
not in a straight line), and the other is the combination of two 
point datums and a line datum parallel to the line that passes 
through the first two point datums, such as those shown in Fig. 
1d and 1e. 
In Fig. 1, the points and the solid lines are the member 
datum geometries, and the hidden lines and the planes closed 
by the hidden lines are the composed datum geometries. For 
the member datum geometry and the composed datum 
geometry, the task constraining the DOF of the target feature 
is determined according to the following calculation 
procedure. First, we calculate the DOF constrained by each 
the member datum geometry alone and subsequently calculate 
the DOFs constrained by the newly composed datum 
geometry. The increase in the constraining capability of DOFs 
is due to the effect of all datum members in the combination, 
which explains the reason why the same datum features exist 
in a datum system of geometric tolerance. Taking the true 
position of the hole Ø8.9-9.2 in the part shown in Fig. 2 as an 
example, datum feature B and datum feature C have the same 
geometry, which have the same constraining capability of 
DOF for the target hole. The datum feature C would be 
considered a redundant datum feature without considering the 
datum combination, but in fact, these two holes are combined 
to generate a new datum plane, which constrains the 
translation DOF in the y-direction of the target holeØ8.9-9.2. 
Therefore, the datum feature C is reduplicative but is not a 
redundant datum feature in this datum system. 
  
Fig. 2 the datum system and its datum combination 
3. Construction elements of the DRF 
3.1. Definition of the construction elements 
The construction elements of DRF include three basic 
geometries with a particular position relation: a point Po, a 
line La through Po and a plane Fp containing La. The 
relationship of Po, La and Fp with the DRF is shown in Fig. 3. 
 
Fig. 3 the construction elements of DRF 
The construction elements have the following properties: 1) 
One-to-one correspondence exists between Po, La, Fp and the 
DRF origin, an axis, and a coordinate plane containing the 
axis, respectively; 2) The three construction elements are 
independent of each other, and none of them can be defined 
using the others; 3) There is no precedence order for 
determination of three construction elements. According to 
these three properties, we can establish a mapping rule 
between the construction elements and the DRF as follows: Po 
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is the origin of the DRF, La is the x-axis of the DRF and Fp is 
the coordinate plane xoy of the DRF. Using this mapping rule, 
a set of Po, La and Fp can uniquely define the DRF and vice 
versa. 
3.2. Relationship between the construction element and the 
datum geometry  
Two methods are used to obtain the construction element. 
One method originates from the datum geometry directly 
derived from the datum features, and the other calculates the 
resulting geometry with multiple datum geometries. 
From Table 1, we observe that the positional relation 
among the derived geometries from a single datum feature is 
the same as the corresponding construction elements. Taking 
the cone and pattern as examples, a datum cone can derive a 
vertex and a central line passing through the vertex, which has 
the same relative position relation as Po and La. A datum 
pattern can derive a central line and a symmetric plane 
containing the central line, and therefore, the relative position 
between the central line and the symmetric plane are the same 
as that between La and Fp. From these examples, we can 
obtain the following conclusion: the datum point, datum line 
and datum plane derived from a single datum feature directly 
correspond to construction elements Po, La and Fp. 
 The resulting geometry of multiple datum geometries is 
the common intersection or the projection among the datum 
geometries. Taking the true position of the hole Ø8.9-9.2 mm 
in the part shown in Fig. 2 as an example, datum feature A 
derives a plane, which is the construction element Fp. Datum 
feature B (the large hole of Ø37.59-37.62 mm) derives a 
central line, and the intersection point of the central line and 
Fp is the construction element Po. The central line is not the 
construction element La because it is not in Fp, which violates 
the definition of the construction element. The intersection of 
Fp with the new plane composed by the two axes of both 
datum feature B and datum feature C is La. 
 The achievement of a construction element by calculating 
multiple datum geometries is the main content of this paper, 
which is discussed in detail in Section 4. 
3.3. Determination rules for the construction element 
According to the previous discussion, we obtain two 
determination rules for the construction element. 
Rule 1: The datum point, datum line and datum plane 
derived from the primary datum feature directly correspond to 
the construction elements Po, La and Fp, respectively.  
Rule 2: The datum geometry derived from the secondary 
and tertiary datum feature is first used to establish the 
undetermined construction element that has the same 
geometry, and other undetermined construction elements are 
subsequently established. 
The determination rules of the construction element are 
recursive, and the precedence of the datum feature for 
construction of a DRF is considered in these two rules. The 
DOF of the target must be constrained firstly by current 
datum feature, and then be constrained by the datum 
combination of the current datum with the higher-order datum. 
The constraint DOF of a different datum feature is easy to 
distinguish according to these two rules. 
4. Recursive algorithm for establishing the construction 
element and its application in validating the datum feature 
4.1. Recursive combination used to establish the construction 
element 
Because both the datum geometry and the construction 
element consist of a point, line and plane, the core algorithm 
used to generate the construction element represents recursive 
combination among the point, line and plane. The recursive 
combination algorithm must satisfy the following two 
conditions: 1) the datum geometry can be combined only with 
a determined construction element, and 2) the resulting 
geometry must conform to the definition of the construction 
element. According to these conditions and Rule 2, the 
number of combinations is greatly reduced. The combination 
algorithms are tabulated in Table 2. 
In Table 2, p, l, and f denote the geometries derived from 
the nominal geometry of the datum feature or the datum 
feature simulators [1] of the datum feature. For the actual part, 
the actual geometry of the datum feature must be transferred 
to the datum feature simulator, and the derived geometries are 
derived from the datum feature simulator.  
For a situation in which more than one algorithm can be 
selected to construct the same construction element, the 
algorithm is chosen according to the following three rules. 
Rule 3: Execute the algorithm in sequence. For a given 
geometry derived from a secondary and tertiary datum feature, 
Table 2. Recursive combination algorithm for the construction elements 
Datum 
geometry 
To determine Po  To determine La  To determine Fp 
Position            Position                                                     Direction  Position                           Direction 
Point p Projection of p on La;  
Projection of p on Fp. 
Line through Po and the projection of p on Fp; 
Line through both Po and p. 
Po→pp 
Po→p 
Plane that contains p and La. La×(p→La) 
Line l 
Intersection of l and La or 
the pedal point of l with La; 
Intersection of l and Fp. 
Line that passes Po and is parallel to the 
projection of l on Fp; 
Line through Po and the intersection of l and Fp; 
Line that passes Po and is parallel to l; 
Projection line of l on Fp. 




Proj. of l 
Plane that contains l and La; 
Plane that contains La and is 





Intersection of f and La. Line that passes Po and is parallel to the 
intersection of f and Fp; 




Plane that contains La and is 
parallel to f; 
Plane that contains Po and is 




Notices p, l, f: datum geometries; Po, La, Fp: known construction elements; l, f: direction unit vector of l and unit normal of f; →: direction relation, 
Po→p:direction from Po to p, p→La: direction from p to the pedal point of p on La, l→p :direction from the pedal point of p on l to p; 
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selection of the algorithm is performed in the order from top 
to bottom and from left to right. 
The order of the algorithm in the table is designed to 
guarantee the correctness of the results, and it must be used in 
strict accordance with the table arrangement. Algorithms 
executed out of order might produce the wrong results. For 
example, if a point p is used to determine Po when La and Fp 
are already known, two algorithms are available in first row of 
the first column in Table 2, but only the first algorithm 
“Projection of p on La” is valid. The second algorithm 
“Projection of p on Fp” can determine Po as well, and the 
resulting Po is in Fp, but it cannot guarantee that Po is in La. 
Rule 4: A construction element can only be established by 
one algorithm alone. Once a construction element is built 
using the current algorithm, the remaining algorithms in the 
same column of Table 2 do not require consideration. 
Rule 5: The derived geometry can be used to determine 
two construction elements. After the algorithm for 
determination of the current construction element has been 
executed, the procedure must continue to determine another 
construction element by selecting the algorithm in the next 
column of Table 2. To explain the implementation of the 
algorithms listed in Table 2, we take the establishment of the 
DRF of the true position of hole Ø8.9-9.2 mm shown in Fig. 2 
as an example. The true position tolerance has three datum 
features: the bottom plane A, the central hole B with 
dimensions 2×Ø37.59-37.61 mm, and hole C with dimensions 
Ø8.9-9.2 mm. According to Rule 1, the primary datum A is 
the construction element Fp. The secondary datum B can be 
used to derive a central line l, but according to Rule 2, l 
cannot be taken directly as La because the resulting La does 
not satisfy the definition of the construction elements (l is not 
located on the plane Fp). According to Rule 3, the second 
algorithm listed in the second row of the first column in Table 
2 “Intersection of l and Fp” is chosen, and the calculation 
result of the algorithm generates the second construction 
element Po. The procedure subsequently selects the algorithm 
listed in the next column of Table 2 to generate the 
construction element La according to Rule 5, but no algorithm 
is available. Therefore, La cannot be generated by 
combination with central line l, Po and Fp in this situation. As 
a result, the tertiary datum feature must be used. The datum 
line l derived from hole C cannot be directly taken as La for 
the same reason as the secondary datum geometry. According 
to Rule 3, the algorithm available to generate La is the second 
algorithm listed in the second row of the second column in 
Table 2 “Line through Po and the intersection of l on Fp”. 
To demonstrate the role of the datum order of precedence, 
we assume that the datum order of the true position is B-C-A, 
and the construction elements generated by the algorithms in 
Table 2 are different from those listed above, i.e., La is the 
central line of hole B, Fa is the plane formed by two parallel 
central lines of hole B and hole C, and Po is the intersection of 
plane A and La (the central line of hole B). 
All datum compositions shown in Fig.1 are considered, and 
all algorithms used to establish the construction elements are 
enumerated in Table 2, which makes the current approach 
complete. The implementation of the recursive combination 
algorithms is straightforward, and the construction element 
can be determined automatically. 
4.2. Verified rules for datum validity and datum system 
completeness 
Datum validity means that a datum feature is able to 
constrain the DOFs of target feature specified by the 
geometric tolerance, and datum system completeness refers to 
the ability of the datum features to construct a DRF. The 
datum features that constitute the datum system are specified 
in the tolerance control frame of the target feature. Because 
the procedure for determining the DRF is decomposed into 
the processes for finding three construction elements, the 
correctness of the datum reference can be verified in the 
establishment of three construction elements. Additionally, 
this process creates an opportunity to deliver error 
information for the datum specification that is more detailed 
and clear. For example, according to these processes for 
determining the construction elements, the datum feature can 
be classified as follows: datum geometry that directly 
corresponds to the construction elements, datum geometry 
that determines the construction elements by combining the 
known construction elements, and datum geometry that 
cannot define the construction elements, which means that the 
datum feature is invalid or redundant for construction of the 
DRF. Therefore, these classifications are useful for assessing 
the validity of the datum feature and finding incorrect datum 
references based on the determinations of the construction 
elements, and detailed error information is identified that can 
direct the designer to correct the datum reference. Moreover, 
this method can be used to support the development of 
tolerancing software with a self-correction function. In this 
work, two heuristic verification rules for the datum and datum 
system are given based on the conception of the construction 
elements as follows. 
Rule 6: If all of the derived geometries of a datum feature 
do not work to determine the construction element, the datum 
feature is invalid when the construction elements are not fully 
determined, or the datum feature is redundant when all the 
construction elements have been determined.  
Rule 7: If a datum system cannot completely determine all 
three construction elements, the datum system is not complete. 
To illustrate how the proposed rules are used to find the 
invalid datum feature during establishment of the construction 
element, an example is shown in Fig. 4. The true position 
tolerance of the hole Ø3 has three datum features: the primary 
datum feature is the bottom plane A of the cylinder Ø1, the 
secondary datum feature is the cylinder Ø1, and the tertiary 
datum feature is the ball Ø2. According to the determination 
rules and the recursive combination algorithms of the 
construction element, Fp is the plane A, and Po is the 
intersection of the central line of cylinder Ø1 and Fp, but La 
cannot be determined by the ball Ø2 or a combination of the 
ball Ø2 with the known construction elements. As a result, we 
can obtain the verified conclusion that the tertiary datum 
feature, i.e., ball Ø2, is an invalid datum feature, and the 
datum system of the true position tolerance is not complete. 
The error information will appear, and which creates an 
opportunity to correct the error datum reference.  
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Fig. 4 Datum system with an invalid datum reference 
5. Automatic establishment algorithm for the DRF 
The automatic establishment algorithm for the DRF means 
that it can calculate the position of the origin, the coordinate 
axis x and the coordinate plane xoy of the DRF based on the 
tolerance control frame of the 3D geometric tolerance 
annotation. The datum geometries are derived in two ways, 
one from the nominal datum features and the other from the 
datum feature simulators, and both use the same algorithms 
for establishment of the DRF. The following algorithm is 
based on the derived geometries of the nominal datum feature. 
The solid model of a nominal datum feature contains the 
geometric information, such as the geometric type, dimension 
and position of the geometry features. The 3D annotation of 
the geometric tolerance includes all correlation information on 
the correlation feature, the datum features and the precedence 
of the datum. Using the solid model and the 3D annotation, 
the DRF can be automatically established. The steps executed 
by the automatic establishment algorithm for the DRF are 
described as follows: 
Step 1: Compute the datum geometries according to 
Section 2.1. 
Step 2: Designate the derived datum geometries of the 
primary datum feature directly as the corresponding 
construction elements, and store them into the known 
construction element set. 
Step 3: Compute the construction elements using the 
algorithms listed in Table 2. Store the construction elements 
into the known construction element set. 
Step 4: Verify the validation of the current datum feature. 
Produce an error report and exit the procedure if an error is 
found. 
Step 5: Go back to step 1 until all three datum features are 
processed.  
Step 6: Check the completeness of the datum system for 
the geometric tolerance. 
The developed algorithm was tested and validated in our 
automatic assembly tolerance analysis software. All 52 
combinations of points, lines, and planes enumerated by 
ASME Y14.5.1 were tested using the developed algorithm, 
and the results are in accordance with the ASME Y14.5.1 
tabulation. 
6. Conclusions 
1) Notation for the construction elements of the DRF and 
the composition principle of the DRF based on the 
construction element are proposed in this paper. The 
automatic establishment of the DRF is realized by 
determining three construction elements to structuralize the 
procedure for determination of the DRF and to create the 
conditions for automation of the DRF establishment.   
2) The recursive algorithm for establishing the construction 
elements is proposed, and the various combinations of the 
known construction elements with their datum geometries are 
presented in tabular form. Additionally, the developed 
recursive algorithm shows agreement with the ISO standard 
of tolerancing and has stronger operability than the other 
existing methods. 
 3) Verification of the validation of datum feature and the 
completeness of the datum system is implemented during 
establishment of the construction elements, which ensures that 
the system reports specific and clear error correction 
information.  
In future work, we will include the actual variation and 
material condition of the datum features. 
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